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License

The materials available on this site are free for personal or educational use,
however you may not redistribute, reprint, republish, modify, or use these
materials, in whole or in part, to produce any derivative work or otherwise
transmit these materials without the express written consent of the author.

Redistribution exception: Faculty, instructors and teachers may redistribute
these works directly to their students for course related use.

6. TRANSFORMATIONS

1 Examples

The reader is reminded of the all-improtant method of integration by sub-
stitution. One way to state this is that if  is a one-to-one function of u,
then

[ t@s = [ s)Gdn (1)

Example 1.1 Evaluate

1
/ 22/ 1 + z2dzx.
Jo

yyyexample to explain that one-to-one is important

The transformation of the integral in (yyy) is effected by replacing «
and dzr with z(u) and du and introducing the new factor dz/du. We now
look for a two dimensional analog of this process. In other words, we ate
looking for a way of transforming integrals of the form

/ / f(z, y)dxdy (2)

It stands to reason that such an analog would call for a substitution
z =z(u,v), y=yu,v). (3)
Such a pair of equations is called a transformation and is denoted by
(@,y) = T(u, v).

We digress to discuss the geometry of some examples of such transformations.
One of the ways of visualizing such transformations is by means of isobars.
These are the curves that consist of the graphs of the equations

z(u,v) =¢, ylu,v)=d

in the uv-plane, where ¢ and d are arbitrary constants.
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Example 1.2 Draw the isobars of the transformation
rT=u, Y=uUu+v
that correspond to xz,y = —2,—1,0,1,2.
The isobar that corresponds to a fixed value of = ¢ is the straight line
u=c.

This is the vertical straight line of the uv-plane that intersects the u-axis at
the point (c, 0). (See Fig. 1) The isobar that corresponds to a fixed value
of y = d is the straight line

u+v=d.

This is the straight line of slope -1 that intersects the u-axis at (d,0) and
the v-axis at the point (0,d). (See Fig. 1)

—

Example 1.3 Draw the isobars of the transformation
o =u? -2 = uv
that correspond to xz,y = —4,-3,-2,-1,0,1,2,3,4.

For ¢ # 0 the isobar that corresponds to = = c is a hyperbola whose asymp-
totes are the straight lines v = +u (Figure 2). For ¢ = 0 the isobar is the
union of the two straight lines v = £u. For d # 0 the isobar that corresponds
to y = d is a hyperbola whose asymptotes are the coordinate axes (Figure
2). For d = 0 the isobar is the union of the two coordinate axes.

2 The Jacobian

Working by analogy with the one-dimensional process this double integral
of (2) would be transformed into an expression of the form

[ [ £t o).yt 0) 3w, vyduds
where J(u,v) is some two-dimensional analog of dz/du.
Informal argument:

Let f(u,v) : D C ®2 — R. We begin by reminding the readers that,

by definition.
n
/ / fAA =Tm Y flus, v)AA;
D =0

where {A;, Ag,...,An} constitutes a partition of D into (small) regions,
(ui,v;) is an arbitrary point in D;, AA; denotes the area of A; and the limit
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Figure 1: The transformation z = u,y =u+v
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2

Figure 2: The transformation z = u? — v,y = w
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Figure 3: The transformation of an area element



2 THE JACOBIAN 6

is taken as the diameters of the A}s converge to 0. In the case where the
partition consists of rectangles formed by vertical and horizontal lines this

sum equals
//f(u,'u)dudv.
J Jp

It may happen that the integrand f(u,v) can be factored as goT. For
example, if T is the transformation of Example 2, then

flu,v) = wvv/u?2 —v?2 =yyz

where g(z,y) = yv/=.

In that case,
//Df(u,v)dAz //DgoT(u,v)dA

However, when the partition is formed by the isobars of T', the transforma-
tion of (1), then the area of the typical element PQRS (see Fig. xxx) is
approximated by the area of the parallelogram formed by P_Q and PS. By
the Mean Value Theorem

= (z(u + Au,v) — z(u,v), y(u + Au, v)) — y(u, v))
~ (oo eaw) = (G5 )

= (:r:(u, v+ Av) - III(’U,, v), y(u, v+ A’U)) - y(u’ U))

ox dy Ox Oy
”(a AV, B A) (811 Bv)AU

By yyy the area A A of this parallelogram is

dxdy Oxdy
(Bu(% 8v8u>A L.

//Df(u,v)dudv=//DfdA

- 0z 0y 0z by
—//DgoT(u,v) (8u3v E» 3u) dudv.

It is customary to employ the abbreviation

Ox,y) 0z0y Oxdy

(u,v) Budv 0Ovou

Consequently

so that the integral transformation becomes

// f(u, v)dudv——//goT(u, a( ,JJ



2 THE JACOBIAN 7

yyyexamples

The case of 3 variables is entirely analogous to the above. We stipulate
a function f(z,y,z) : D C #2 — R and a transformation of variables

z=z(u,v,w), y=yuv,w), z==z(u,v,w).

The corresponding volume element is approximated by the volume of the
parallelopiped spanned by the vectors AB, AC and AD where

= (z(u, v, w), y(u, v, w), 2(u, v, w))

= (z(u + Au,v,w), y(u + Au, v, w), 2(uv + Au, v, w))
= (z(u, v + Av,w), y(u, v + Av, w), z(u, v + Av, w))
= (z(u, v, w + Aw), y(u, v, w + Aw), 2(u, v, w + Aw)).
By the Mean Value Theorem

= (z(u + Au,v,w) — z(u,v,w),

y(u + Au, v, w) — y(u, v, w), 2(u + Au, v, w) — 2(u, v, w))
Oz 8y 9z _ (O0z Oy 0z
and similarly,
v’ dv’ v
- oz Oy 0Oz
The volume of the 3-dimensional element is therefore

ANz, y,z)
A, v, w)

m%%@%m

AuAvAw

where

ovz) _ (00 0y 02\ (30 by 0\ (02 Oy 0
o(u,v,w)  \Ou’ Ou’ u o' v’ dv ow’ Ow’ Ow

The triple integral is thus transformed by the rule

///Rf(x,y, z)dzdydz =

//_/ f(z(u, v, w), y(u, v, w), 2(u,v w))g((w’ y’, z))d dvdw



